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ABSTRACT

Accurate forecasting of market price developments is essen-
tial in achieving superior market performance. Especially
in oligopolistic markets for durable consumer products a
robust understanding of selling prices is important, as it
drives pricing behavior as well as procurement, inventory
and production decisions. Moreover, a supply chain per-
spective is indispensable for pricing forecasts since compa-
nies not only compete for product sales but also for limited
resources. This paper explores the use of dynamic multi-
variate hedonics-based pricing models that explicitly model
selling prices with the market valuation of constituting parts.
The model is applied to TAC SCM, a supply-chain trading
agent competition. To find unknown component prices se-
ries we apply the Kalman filter technique to smooth and
forecast implicit prices using the EM algorithm. Finally, we
present results of our analysis to establish the viability of
this method.
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1. INTRODUCTION
Firms in durable consumer markets typically offer assort-

ments of related products, which to some extent share iden-
tical components. These firms generally compete for sales
in the product market, but in a globally operating industry
they also compete for inputs in their component markets.
The facts that consumer preferences are often difficult to
predict and that procurement prices can be substantially
volatile, make the forecasting of product price developments
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a complex task. In recent years, the availability of detailed
product and price information has improved the conditions
to forecast price developments; examples can be found for
computers, books, and tourism [32, 6, 37]. Also, the advent
and development of e-commerce has facilitated the adoption
of advanced forecasting techniques by agents, utilizing time
series of selling prices. These analytical instruments have
proved to be useful for bidding and evaluating offers and
requests from suppliers and customers during negotiations.
Design models and variance component models developed
for these situations have been found to be too static to cope
with the complexity and dynamics of these negotiations [15].
Improvements of price predictions for individual products
may be attained by shifting attention from individual prod-
uct to product components, of which price developments are
to some extent known to the firm.

However, the development of component prices not neces-
sarily run in parallel to product price developments. First,
prices in the procurement markets may be limitedly visible
by individual companies. This may cause a firm’s procure-
ment policies to perform markedly different from that of
other companies. Second, firms sharing the same procure-
ment price developments may still act differently on this
information, because of different inventory positions or mar-
keting strategies. Third, customers may not value the prod-
uct components to the extent of the purchase prices. For
instance, in excess demand markets products may be valued
more than the value reflected by their components, while the
opposite may occur when markets are relatively competitive.
So, when exploring the predictive value of component in-
formation, individual firms should dynamically consider the
developments of both the actual purchasing prices of parts
and of the valuation of these components by customers.

A common approach in economics to deal with the valu-
ation of product components is the use of hedonic models.
This approach is rooted in household production theory [26,
29] to evaluate consumer demand for heterogeneous prod-
ucts like cars, computers, apparel or washing machines. The
hedonic technique is based on the assumption that quality
differences between goods can be attributed to measurable
characteristics, such as components and other product fea-
tures. The shadow or implicit prices of these product charac-
teristics (components) are estimated by regressing product
selling prices on a relevant set of product characteristics in
a sample of product varieties. The hedonic technique has
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been applied to construct quality-corrected consumer price
indices for cars [40, 31, 18], computers [1, 34], spreadsheets
and database software [13, 17], durable goods [14], paintings
[4], wine [39], residential housing and real estate [5, 30, 28,
3]; see [38] for a review.
We develop a multivariate hedonic model to dynamically

describe and forecast the selling prices of a portfolio of prod-
uct varieties in terms of the development of the implicit
prices of shared components. In this model, we combine a
hedonic model of product prices with a vector autoregressive
specification of implicit component prices. This results in a
linear stochastic system or state-space model, in which the
states reflect the implicit input prices. Figure 1 illustrates
the idea, where the input vector zt represents the implicit
prices and the output vector yt the selling prices. The state-
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Figure 1: Illustration of the operation of the Kalman
Filter in a TAC SCM period.

space model has been applied in finance as well as macro
economic analysis [21, 19, 16]; see [42] for special cases and
a classification.
Our empirical application is concerned with price and pro-

curement information generated during the Trading Agent
Competition for Supply Chain Management (TAC SCM) [7,
8, 23]. In this competition, manufacturers (agents) com-
pete in component procurement markets and product sales
markets through reverse auctions, in which they bid on re-
quests for quotes (RFQs). Agents only partially observe the
bidding processes and the realized sales and procurement
prices. Using our model, we dynamically estimate implicit
procurement prices to support the forecasting of prices in
the sales market.
The paper is structured as follows. Section 2 reviews re-

lated literature. Section 3 presents the basic model specifi-
cation and delineates the algorithm to estimate the implicit
component prices. Sections 4 and 5 discuss the data and es-
timation methodology. Section 6 concludes the paper with
suggestions for further research.

2. RELATED WORK
Dynamic pricing offers many opportunities for pricing strate-

gies, especially since the growth of internet sales and infor-
mation technology. It can be viewed as a special case of
oligopolistic pricing, where time is essential and prices are
volatile. Over the years, many authors realized that the
analysis of disequilibria was of interest for understanding the
price formation between retailers and customers [41]. With
the rise of technology and the creation of agent software to
determine optimal product prices, many studies targeted dy-

namic pricing [6, 22, 20]. Some are convinced that economic
software agents have the capacity to aid in solving many
problems in auctions and negotiations [24]. Recent growth
figures for online sales show that this type of commerce could
acquire large market shares. Recent estimates for quarterly
retail e-commerce sales provided by the U.S. Census Bureau
of Department of Commerce show an average annual in-
crease of 4%; for European countries the percentage is even
higher thanks to the deployment of broadband. Several re-
views [23, 25] provide insight into the instruments available
for agents operating in supply chain markets, among which
different price prediction methodologies based on requests
for quotes (RFQs) and regime switching.

Our study contributes to the hedonics literature by propos-
ing a multivariate approach to estimating implicit compo-
nent prices in a dynamic setting. The basic idea of the
hedonic technique is that quality differences between het-
erogeneous products can be traced to measurable product
characteristics [26, 29]. Insight into the implicit prices of
these characteristics can then be used to predict the prices
of products, which are interpreted as bundles of character-
istics. An important application of the hedonic techniques
is the construction of quality-corrected price indices [38]. In
the present study, we apply the hedonic technique to assess
the relation between prices and components of computers,
motherboard, CPU, hard-disk, and memory, while assuming
a dynamic context. The approach bears resemblance to the
dynamic model [12], which was originally applied to analyze
resale prices of houses in relation to rental values. We ex-
tend the model to the case of product components and prod-
uct mix so to gain insight into component values. The im-
plicit prices obtained should be distinguished from compo-
nent procurement prices, which remain unknown. Implicit
prices are comprised of additional valuations, for instance
for product availability and logistics operations, which may
or may not be proportionally divided over the constitut-
ing components. In the present study we will focus on the
value of implicit price information for future developments
of product prices.

3. MULTIVARIATE HEDONICS STATE-

SPACE MODEL
This section introduces the multivariate hedonic model

that relates product prices with product components and
corresponding implicit prices. Assuming a time-dependent
behavior of implicit prices, the resulting model can be viewed
as a state-space model. Additionally, this section discusses
the Kalman-filter approach to estimating this model, as well
as tests to evaluate the model.

3.1 Formulation of the model
The idea of the multivariate hedonic model is that ob-

served product prices jointly vary with customer valuations
of the constituting product parts, and that these implicit
component valuations evolve over time. Specifically, we as-
sume that the observed prices of n related products offered
on day t are available in an n × 1-vector yt. For practi-
cal purposes, we assume that each period generates a single
product price (which obviously may not always be the case).
Further, we introduce an m×1-vector of latent factor prices
zt, with m ≤ n. If the factors are synonymous with product
components, then zt contains the implicit component prices.
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An n × m design matrix D maps the component prices to
the product prices. As each product is composed of a fixed
set of components, D is non-stochastic.
Price formation takes place in the consumer market where

products are sold. The observed market situation each day
is a complex mix of stochastic consumer demand processes,
and agent offer policies. Two assumptions are advanced
to capture the relevant features of the emerging product
prices. First, products are basically bundles of branded com-
ponents, and the realized product prices can therefore be
interpreted as an aggregate of implicit component prices.1

Second, the implicit component prices evolve in an autocor-
related, possibly non-stationary way over time, which may
be formalized as:

zt = Φzt−1 + εt (1)

Here, εt ∼ N(0,Σε) is an m × 1-vector of random distur-
bances in the component price evaluation process, which are
uncorrelated over time. It reflects the unobserved conse-
quences of demand idiosyncrasies and manufacturer depen-
dent supply conditions.
In addition, the relation between observed product prices

yt and latent component prices zt is formalized by means of
a hedonic model with a fixed design matrix D:

yt = Dzt + νt (2)

The νt is an n × 1-vector of random disturbances in the
measurement process, which are again assumed to be nor-
mally distributed νt ∼ N(0,Σν). It captures unexpected
product price variation not related to product characteris-
tics, random demand variations (RFQs), and variation in
price bids by different manufacturers. If the measurement
process is perfect, then the distribution of νt is obviously
degenerate, and the measurement model simplifies to yt =
Dzt. If the measurement process is not perfect, then the
assumed behavior of νt affects the implicit price behavior
(1). The process disturbances εt and measurement dis-
turbances νt are assumed to be independently distributed,
E(εtν

′
t) = 0.

Obviously the model greatly simplifies if the disturbances
can be assumed to be independent:

Σν = σ2
νI (3)

Σε = σ2
εI. (4)

These conditions are appropriate for uncorrelated product
prices and implicit prices; they may be considered similar to
the classical multivariate regression assumptions (see [16]).

3.2 Kalman-filter estimation
Equations (1) and (2) form a state-space model. This

model has often been applied to problems of control en-
gineering, but since the nineties also to various fields of
economics. The unobserved implicit component prices (or
states) in this model are estimated by means of the Kalman-
filter approach with smoothed estimators, that is using the
entire sample of product prices, y1, . . . ,yT.
Our model consists of an observation equation (2) with a

measurement or design matrix D, and a state equation (1)

1In our empirical application to TAC SCM, individual prod-
uct components can not be sold in the consumer market, but
used only for production, which may be different from real
markets.

with transition matrix Φ. In the dynamic linear model, the
process starts in period 0 with implicit prices z0, which are
assumed to be normally distributed with mean µ0 andm×m
covariance matrix Σ0. If we had observed the real implicit
prices (states) z0, z1, z2, . . . , zT , as well as the product prices
y1,y2, . . . ,yT , then the parameters of the model could be
estimated by maximizing the likelihood function:

f(zi,yi) = fµ0Σ0(z0)

T
∏

t=1

fΦ,Σε(zt|zt−1)

T
∏

t=1

fΣν (yt|zt). (5)

However, since we do not have the complete data, we
adopt the EM-algorithm described by Shumway and Stof-
fer [36] to estimate the unknown parameters. The algorithm
starts with an estimator of the filter, the expected value of
the current period implicit prices conditional on available
product prices:

zt−1
t = E(zt|y1,y2, . . . ,yt−1), (6)

Using all available price information, a smoothed estimator
of the expected current period states is obtained through:

zTt = E(zt|y1,y2, . . . ,yT). (7)

The estimator of the variance-covariance matrix of the
errors in (1) is defined as:

Ps
t = E[(zt − zst)(zt − zst)

′|y1, y2, . . . , ys] (8)

both for the filter and the smoother, taking s = t and s = T
respectively.

For the filtering relations with z00 = µ0 and P0
0 = Σ0, for

t = 1, . . . , T , we compute the following quantities:

• Predicted values of implicit prices:

zt−1
t = Φzt−1

t−1. (9)

The recursion begins with z01 which denotes a forecast
of z1 based on the initial value of µ0. In subsequent
steps the prediction values will be based on observa-
tions of y, using (6).

• Variance-covariance matrix of predicted values:

Pt−1
t = ΦPt−1

t−1Φ
′ +Σε (10)

for t = 1 we have P0
1 = Σ0.

• Kalman gain:

Kt = Pt−1
t D′[DPt−1

t D′ +Σε]
−1, (11)

which is a time-varying matrix used for updating fil-
tered states.

• Filter values:

ztt = zt−1
t +Kt(yt −Dzt−1

t ), (12)

where yt −Dzt−1
t is known as the innovation or mea-

surement residual ;

• Variance-covariance matrix of filtered values:

Pt
t = [I −KtD]Pt−1

t . (13)

This Pt
t affects the distribution of estimated implicit

prices.
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Given a time series of n product prices, Yt = y1, . . . ,yt,
equations (9)-(13) recursively generate estimates of the im-
plicit prices zt+1.
Next, we consider the estimators for zt based on the entire

product price series YT = (y1, . . . ,yT )′, where t ≤ T . For
these smoothed estimators we compute:

• Smoothed gain

Jt−1 = Pt−1
t−1Φ

′[Pt−1
t ]−1, (14)

time-varying matrices that measure the differences be-
tween filtered and smoothed values;

• Variance-covariance matrix of smoothed errors:

PT
t−1 = Pt−1

t−1 + Jt−1(P
T
t −Pt−1

t )J′
t−1; (15)

• Smoothed values:

zTt−1 = zt−1
t−1 + Jt−1(z

T
t − zt−1

t ) (16)

with t = T, T − 1, . . . , 1, and with zTT and PT
T obtained via

filter formulas (9)-(13). In this way, an estimate of zt is
obtained from observations yt for every day t, 1 ≤ t ≤ T ,
where T is the last time of our series. The Kalman filter
and smoother are applied to all series in our analysis, even
when not stationary. The calculations can be done in real
time and even in off-line situations by the maximization of
(5). The calculations involved are based on the following
algorithm.

3.3 The algorithm
Our algorithm uses the n × 1-vectors of product prices

over the time frame (0, T ) as inputs. In [36, 35], a similar
algorithm is described to estimate the smoothed values of
the (expected) implicit prices, as well as the other model
parameters by means of an EM-algorithm. Instead of using
the Newton-Raphson method involving the Hessian of the
inverse errors matrix, we apply the algorithm described in
Dempster, Laird and Rubin [11], which offers convenient
solutions most of the time.
We summarize the unknown parameters of the model (1)-

(2) in a single vector Θ = {µ0,Σ0,Φ,Σν ,Σε}, which is
estimated by means of maximum likelihood using (5). For
the initial step, we assume starting values Θ0, where the
subscript refers to the iteration number. At every step we
determine an augmented estimate of Θ using the following
EM-algorithm:

a. Choose the initial values for Θ, Θ0.

b. On iteration i, with i = 1, 2, . . .:

b1. apply the Kalman filter and smoother to find val-
ues for zt using the equations (9)-(16), under the
assumption of Θ = Θi−1;

b2. with these values, apply maximum likelihood to
find a new estimate of Θ = Θi;

b3. if the algorithm converges, go to (c), otherwise
update Θ and return to (b1) for a next iteration;

c. test for the results.

Step (a) sets an appropriate starting value Θ0, which will be
gradually modified satisfying the model equations at every
iteration. Step (b) computes smoothed values zt

T and their

estimated variance-covariance, PT
t using Θi−1. With these

estimates, the algorithm performs the expectation step of
the EM technique, finding the expectation of the likelihood
function (5). The maximization step updates the estimate
of multi-parameter and saves it in Θi.

To measure convergence in step (c), we implement three
stopping rules depending on: (i) the distance between the
state-transition matrix, (ii) the likelihood function, and (iii)
the distance between product prices in two successive itera-
tions. The first rule is based on:

n(1)(Φ(j),Φ(j−1)) = ‖Φ(j) − Φ(j−1)‖ < δ1 (17)

It stops the algorithm when the estimated state-transition
matrix, Φ hardly changes between one iteration and the
other. With this rule, interest is in the dynamics of the im-
plicit prices. Common values for δ1 are in the order of 10−2

to 10−4. The second rule is based on the relative likelihood:

n(2)(fΘ(j)(y), fΘ(j−1)(y)) =
fΘ(j)(y)

fΘ(j−1)(y)
< δ2. (18)

This takes into account all model parameters. When δ2 is
close to one, subsequent iterations will not yield substantial
changes and the algorithm stops. The third rule is based on
the differences between predicted product prices:

n(3)(y
(j)
t ,y

(j−1)
t ) =

T
∑

t=1

n
∑

i=1

n
(3)
t,i (y

(j)
t ,y

(j−1)
t ) < δ3 (19)

where n
(3)
t,i (y

(j)
t ,y

(j−1)
t ) = ‖y

(j)
i,t − y

(j−1)
i,t ‖. It considers the

differences between predicted product prices iterations ob-
tained via (2). This rule is relevant for online applications
of the algorithm, when interest is in the similarity between
predicted product prices used for forecasting. Section 5 pro-
vides results for all three norms.

3.4 Properties and tests for state-space
models

The performance of our dynamic model is qualified by its
stability (cf. [10, 2]) meaning that the effects of the initial
conditions disappear over time. A necessary and sufficient
condition for stability is that the eigenvalues of the state-
transition matrixΦ are below one in absolute value. If eigen-
values are larger than one in absolute value, the system can
be stabilized under certain conditions [19]. A stable system
is also a stationary system but the reverse is not true [27].
Analysis of the eigenvalues of Φ provides insight into the
dynamics of the system. Particularly relevant is the domi-
nant (largest) eigenvalue [33], which for many econometric
models is close to unity.

Moreover, we apply the Mardia tests [9] to evaluate the
assumed normality in (1) and (2). The test statistics take
the skewness (skn) and kurtosis (krn) of the distributions
of the residuals as inputs:

skn = T−2
∑

i

[(v̂i − µ)′Σ−1(v̂i − µ)]
3

(20)

krn = T−1
∑

i

[(v̂i − µ)′Σ−1(v̂i − µ)]
2
, (21)

where µ is the mean vector of values v̂i, and n the dimen-
sion of the multivariate distribution. Under multivariate
normality, E[skn] = 0 and E[krn] = n(n+ 2). Mardia thus
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proposes the test statistics:

a =
(T · skn)

6
∼ χ2(n(n+ 1)(n+ 2)/6) (22)

b = krn −
n(n+ 2)

[(8n(n+ 2)/T ]1/2
∼ n(0, 1) (23)

3.5 Forecasting with the Kalman Filter
An important use of our model is for predicting future

product prices. Forecasting is performed using the fitted
measurement equation:

ŷt+s|t = Dẑt+s|t, (24)

where ẑt+s|t = Φsẑt|t, with t ≥ 0 and t+ s ≤ T . The esti-
mated covariance matrix for the implicit component prices
ẑt+s|t is:

Pt+s|t = ΦsPt|t(Φ
′)s+Φs−1Σε(Φ

′)s−1+ · · ·+ΦΣεΦ
′+Σε

(25)
Consequently, the estimated covariance matrix of the prod-
uct prices is:

E[(yt+s− ŷt+s|t)(yt+s− ŷt+s|t)
′] = D′Pt+s|tD

′+Σν , (26)

where Pt+s|t = Pt
t+s defined in (13). Both of them will be

estimated using results of the algorithm for Θ.

4. DATA
The practical usage of our model is explored with an ap-

plication to dynamic price information generated by TAC
SCM simulation runs. This section discusses the background
of the applications and the settings of the experiment.

4.1 Trading Agent Competition for
Supply Chain Management (TAC SCM)

We use TAC SCM as a competitive testbed for our re-
search. Specifically, we obtain product prices from nine
games of the 2005 tournament.2

In the TAC SCM game, a supply chain for PCs is consid-
ered in 220 game days of 15 real-time seconds each. This
supply chain consists of customers, manufacturers and sup-
pliers. These manufacturers are represented by software
agents (such as MinneTAC) developed by competing teams
that all try to maximize their profit over a game. Every
game day, customers issue RFQs for 16 PC types, on which
manufacturers can bid. Customers always place an order
with the manufacturer offering the requested product for
the lowest price (if this price is at or below their reservation
price). The requested products are assembled by the manu-
facturers using ten different components procured from sup-
pliers. Each of the six agents in a TAC competition decides
which computers to assemble based on online and off-line
planned strategy. A major challenge of the game is the lim-
ited visibility of the market environment. Real-time avail-
able data consist of information about received RFQs and an
agent’s own orders, the preceding day’s minimum and max-
imum order price of each PC type, and aggregate market
statistics issued every 20 days.
Manufacturers (agents) produce 16 different products

(PC’s), each consisting of four components (CPU, moth-
erboard, memory and hard disk) that come in different vari-
eties. Table 1 shows descriptions, base prices and suppliers
2TAC SCM 2005 Semi-Finals and Finals (7306-
7308tac,7312-7313tac,7367-7368tac,7373-7374tac).

Component Description Base Price Supplier

Pintel CPU 2.0 GHz 1000 Pintel
Pintel CPU 5.0 GHz 1500 Pintel
IMD CPU 2.0 GHz 1000 IMD
IMD CPU 5.0 GHz 1500 IMD
Pintel Motherboard 250 Basus, Macrostar
IMD Motherboard 250 Basus, Macrostar
Memory 1 GB 100 MEC, Queenmax
Memory 2 GB 200 MEC, Queenmax
Hard Disk 300 GB 300 Watergate, Mintor
Hard Disk 500 GB 400 Watergate, Mintor

Table 1: Base price and supplier per component in
TAC SCM

of the product components. CPUs, for instance, are ob-
tained from Pintel and IMD in two version, 2.0 GHz and
5.0 GHz. Based on the component prices, the price of a
base computer with a Pintel motherboard, Pintel 2 GHz
processor, 1 Gb Ram and 300 Gb hard disk can be obtained
as 1650 (= 250 + 1000 + 100 + 300). The supplier criterion
to accept manufacturer bids for component offers is based
on revenue maximization. The daily quantities produced by
suppliers follow a random walk with a mean of 550 compo-
nents per day.

4.2 Algorithm settings in TAC SCM
Application of the dynamic hedonic model to TAC SCM

involves the definition of the design matrix D in (2) and
initial settings of the mean and variance of the implicit prices
in period zero, µ0 and Σ0.

The specification of the design matrix in the measure-
ment relation (2) takes a PC with Pintel motherboard, Pin-
tel 2 GHz CPU, 1 Gb Ram and 300 Gb hard disk as the base
product variety (a column of ones), and the implementation
of an IMD motherboard, 5 GHz CPU, 2 Gb Ram and 500 Gb
hard disk as differentiating characteristics (columns of corre-
sponding indicator variables). The elements of the implicit
price vector zt are accordingly interpreted as follows:

• z1 the implicit price of a base computer composed of
a Pintel motherboard, a Pintel 2 GHz processor, 1 Gb
Ram, and a 300 Gb hard disk;

• z2 the implicit price differential of a base computer
with an IMD motherboard instead of the Pintel;

• z3 the implicit price differential of a base computer
with 5 GHz CPU instead of 2 GHz CPU.

• z4 the implicit price differential of a base computer
with 2 Gb Ram instead of 1 Gb Ram;

• z5 the implicit price differential of a base computer
with a 500 Gb hard disk instead of a 300 Gb hard
disk.

Negative values for the estimated implicit prices (price dif-
ferentials) may occur except for z1. For example, a negative
estimated z2t simply indicates that an IMD motherboard is
valued less than a Pintel motherboard.

In addition, we select the following settings of the initial
implicit price distribution. In line with the nominal procure-
ment prices in table 1, we set the mean value of the initial
implicit prices equal to:

µ0 = {1650, 0, 500, 100, 100} (27)
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The variance-covariance matrix of the initial implicit prices
is set to:

Σ0 =











5000 1000 1000 1000 1000
1000 5000 1000 1000 1000
1000 1000 5000 1000 1000
1000 1000 1000 5000 1000
1000 1000 1000 1000 5000











. (28)

This choice takes into account the substantial variability of
the product prices, as illustrated in figure 3. Different Σ0’s
have been tried without finding relevant differences. The
estimation results seem therefore not particularly sensitive
to the choice of Σ0.
Finally, the initial value of the state-transition matrix Φ

has been set equal to the identity matrix, and that of the two
variance-covariance matrices of the disturbances, Σν and Σǫ

equal to diagonal matrices.
The entire methodology is implemented in Matlab (2009)

and executed on a Dual Core Processor (3.33 GHz) PC with
4Gb Ram.

5. RESULTS
Our methodology generates a massive amount of insight

into the dynamic price development during different settings
of the competitive environment. In this section, we give a
descriptive account of the actual price developments of base
products and estimated implicit prices, explore the dynamics
of these price developments by means of the properties of
the estimate state-transition matrices, and illustrate how
our model can be used for forecasting.

5.1 Product and implicit component price be-
havior

Selling prices are characterized by considerable variability
throughout the course of the game. Figure 2 illustrates the
pattern of price volatility, calculated as a standard deviation
of prices in moving windows of 6-days, for the 16 different
products (all games taken together). The general impres-
sion is that the price volatility is high during the beginning
of the game, then rapidly drops, has a moderate, transient
revival during the mid-game, and steeply increases toward
the end of the game. Naturally, different patterns can dis-
cerned between different products. This is true not only for
the price variability but also for the specific price patterns
within each game.
Figure 3 gives an impression of the pattern of base prod-

uct prices over time for five selected games. The selection
of games has been made to illustrate the variety of distinct
patterns. The base product prices for game 7374, for in-
stance, reveal a persistent downward trend, while the price
patterns for games 7307 and 7367 have a bathtub shape.
Price volatility is markedly present in all cases.
Application of the dynamic hedonic model to the selling

prices of all products leads to the estimated implicit prices of
the base product and the differentiating characteristics. Fig-
ure 4 presents these estimates for four selected games (7306,
7312, 7367 and 7373). It illustrates that the developments of
implicit prices vary within games and can be quite different
between games. For instance, the additional (implicit) price
of an IMD motherboard in games 7312 and 7373 is persis-
tently above that in the other two games. In game 7373 this
price differential with respect to the base product is positive
throughout the entire game, whereas it is negative on almost

Figure 2: Price volatility of the 16 products across
all games
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Figure 3: Price patterns of the base product for six
games

all days for game 7306. The implicit price development of
2 GHz Ram seems relatively stable over time, but again the
exception is game 7373 which reveals a sharp price increase
during days 80-110. Sharp price increases or decreases are
typical for the end periods (last 20 days) of all the games,
but the specific direction, up or down, does not seem very
systematic.

Taken together, these outcomes underline the importance
of dynamic models of price developments. Static models are
simply not consistent with the observed daily price fluctua-
tions, changes in price developments, and marked differences
between product markets (games) with different competitive
settings.

In part, the observed variation in the (implicit) price de-
velopments within and between games may be explained by
structural changes in the economic conditions that drive the
market outcomes. Although, we do not allow for varying
market regimes in the current hedonic model, we explore the
issue by means of a comparison between estimated (implicit)
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Figure 4: Estimated Implicit Prices for four TAC
games

prices for a specific set of products and the probabilities of
market regimes (excess supply, equilibrium and excess de-
mand) defined in [23]; see figure 5. Casual observation of
the results suggests that, for instance, the price increase of
PC 8 after day 100 is mirrored by an implicit price increase
of Ram memory, during a period of excess demand. Like-
wise, the price drop of PC 13 before day 150 seems related
with implicit price decreases of CPU brand and Ram during
a time when the market moves toward equilibrium. Inciden-
tally note that the observed and estimated implicit prices for
the base model move closely together. More robust analysis
of these interdependencies is left for further research.

5.2 Algorithm results in TAC SCM
The dynamics of the implicit price developments are fur-

ther explored by means of the properties of the state-space
matrix Φ.
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Figure 5: Product and component price develop-
ments together with regime classifications for game
7306 (semifinal 2005)

Table 2 gives the eigenvalues of the estimated state-transit-
ion matrix Φ for nine different games. The fact that the
eigenvalues can be quite different, again points at the ex-
istence of market/game-specific price dynamics. All eigen-
values are around one indicating stability. Out of the nine
games, three have eigenvalues strictly below one reflecting
both stability and stationarity.

TAC Game Eigenvalues

7306 0.9454 1.0307 1.0162 0.9856 0.9960
7307 0.9126 1.0558 0.9995 0.9899 0.9899
7308 0.9136 0.9901 0.9901 0.9923 1.0008
7312 0.9675 0.9675 1.0002 0.9875 0.9875
7313 0.9954 0.9954 0.9988 0.9758 0.9758
7367 0.9851 0.9851 0.9994 0.9721 0.9807
7368 1.0028 1.0028 0.9986 0.9821 0.9821
7373 1.0030 1.0030 0.9863 0.9863 0.9991
7374 0.9890 0.9890 0.9884 0.9884 0.9940

Table 2: Eigenvalues of Φ̂

Agent strategies will be similar in games with the same
players, though random events in the TAC game can create
drastically unexpected outcomes. We explore the dominant
eigenvalue at different lags to gain a better understanding of
how every game matches different patterns of implicit prices.
In the long run, the dominant eigenvalue determines whether
the implicit prices will move upward, downward or oscillate.
This is illustrated by the results in table 3. The first game,
7306, shows a normal trend for implicit prices, while the
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TAC Game Lag 5 Lag 10 Lag 20 Lag 50 Lag 100

7306 1.16 1.35 1.83 4.54 20.57
7307 1.31 1.72 2.96 15.10 228.12
7308 1.00 1.01 1.02 1.04 1.08

Table 3: Dominant eigenvalue of Φ̂ at different lags
for first three games

game 7307 is characterized by a strong volatility. Game
7308 reveals the most conservative behavior with dominant
eigenvalues remaining close to one. Also, this game shows
price stability toward the end of the game.
The development of implicit prices can be further charac-

terized by means of the dynamic multipliers (cf. [16]). If at
time t the implicit price zt is known, then the implicit price
after j periods can be determined by recursively evaluating
the state equation (1):

zt+j = Φjzt +Φj−1εt+1 +Φj−2εt+2 + · · ·+Φεt+j−1 + εt+j

(29)
The dynamic multiplier, which reflects the effect of current
implicit prices on the prices of j-periods ahead, follows as:

∂E(zt+j)

∂z′t
= Φj . (30)

Table 4 presents dynamic multipliers of unit changes in the
five implicit prices (differentials) on the implicit price of a
base model 20 days ahead. For game 7308, the negative re-
sult −0.0721 for φ1,3 implies that an increase of the implicit
price differential for CPU leads to a decrease of the implicit
price of the base computer. All values of Φ̂ are close to unity
for the base product effect and close to zero for the effects
of the implicit prices of other components. Exceptions are
observed for games 7313 and 7373, which reveal substantial
effects of memory (φ1,4) and hard disk (φ1,5).

Game φ11 φ12 φ13 φ14 φ15

7306 1.0064 -0.0574 -0.0721 0.075 0.0426
7307 1.0081 -0.0389 -0.0576 0.0458 0.0113
7308 0.9923 0.0177 -0.0099 0.0378 0.0486
7312 1.0002 -0.0038 -0.0058 0.0657 -0.0897
7313 1.0049 0.1044 0.0221 0.5138 -0.7342
7367 0.9792 -0.0001 0.0350 -0.0066 0.1218
7368 1.0020 -0.0325 -0.0169 0.0063 0.0064
7373 0.9957 -0.0123 -0.0143 0.2135 -0.1625
7374 0.9849 0.0320 0.0394 -0.0648 0.0021

Table 4: Dynamic multipliers for base model im-
plicit prices due to unit changes of the five compo-
nent prices

Table 5 shows the time and the number of steps required
for convergence of the algorithm for different values of δ1
(17). Differences between games are relevant and appear not
to be related to the development of product prices. For ex-
ample, games satisfying stationarity (7313, 7367, and 7374)
show quite different stopping times, the minimum and the
maximum of all the games. Table 6 gives the convergence
results for the second stopping rule (18). We tested two
initial assumptions, the first one with normal values for Σ0,
Σν ,and Σε, the second one with large values (1000 times the
normal matrices). Although the convergence rates are sim-

ilar, the resulting transition matrices Φ̂ are different. This
indicates that more than one set of values for the parameters

Desired Precision (δ1)
Game 0.5 · 10−4 10−4 0.5 · 10−3 10−3 10−2

7306 14.54 8.22 2.70 1.98 1.13
(220) (120) (32) (20) (8)

7307 7.78 5.14 2.48 2.02 1.23
(113) (73) (30) (30) (8)

7308 11.42 7.19 2.15 1.50 1.11
(170) (102) (22) (12) (6)

7312 7.78 5.14 2.48 2.02 1.23
(113) (73) (30) (30) (8)

7313 144.79 68.97 14.34 8.00 1.89
(2106) (1047) (218) (116) (19)

7367 4.78 3.29 1.75 1.46 1.03
(69) (42) (17) (12) (6)

7368 5.25 3.54 1.84 1.49 1.19
(74) (47) (18) (12) (5)

7373 6.35 3.93 2.17 1.83 1.16
(93) (52) (23) (17) (8)

7374 1.85 1.64 1.14 1.05 0.98
(18) (14) (8) (6) (3)

Table 5: Convergence of the algorithm for differ-
ent games and settings applying stopping rule 1, in
seconds (number of iterations)

Desired Precision (δ2)
Game Θ0 2 1.5 1 0.5 0.1

7306 Normal 36.37 44.78 67.75 137.26 832.36
(286) (378) (562) (1114) (5514)

7306 Large 34.51 45.44 66.74 135.18 827.20
(288) (381) (565) (1116) (5516)

7312 Normal 34.93 46.28 70.90 140.02 841.85
(284) (377) (561) (1112) (5511)

7312 Large 35.70 46.07 67.42 136.46 848.58
(290) (382) (567) (1120) (5531)

7313 Normal 36.36 47.22 69.09 139.97 873.32
(295) (390) (579) (1145) (5652)

7313 Large 37.66 50.13 154.47 159.56 159.86
(314) (424) (1279) (1321) (1321)

7374 Normal 35.84 45.09 67.21 134.92 840.90
(284) (376) (560) (1111) (5507)

7374 Large 35.85 46.55 68.05 137.73 832.16
(287) (379) (563) (1114) (5509)

Table 6: Convergence of the algorithm for differ-
ent games and settings applying stopping rule 2, in
seconds (number of iterations)

Θ gives rise to similar values of the likelihood function. The
observation of the product price is of little help for choosing
between the optima obtained [16]. The results for the third
stopping rule (19) showed low values for product prices dif-
ferences between two iterations, with a mean of 0.1%. Since,
it was difficult to establish a good value for δ3,t,i and its
sum, δ3, we prefer the first stopping rule to use in online
algorithm.

Mardia tests for residuals led us to maintain the null hy-
pothesis of normality in all the games.

5.3 Forecasting Results in TAC SCM
During the game, agents receive component supply re-

ports generated by the system with information about: (i)
the aggregate quantities shipped by all suppliers in the given
period; (ii) aggregate quantities ordered from all suppliers in
the given period; and (iii) mean prices per type of computer
for all components ordered during the period (price is avail-
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able for CPU, motherboard, memory, and hard disk). The
publication of these reports allows agents to implement the
information in their own algorithm to predict future prices
for products and components.
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Figure 6: 20-day ahead product price forecasts (PC1
and PC8) based on the first 20 days of the game
(Game 7306)

Figure 6 illustrates price forecasts for two computers (PC1
and PC8) up to 20 days ahead, based on product price in-
formation for the first 20 days of the game. The predicted
product prices within the estimation period tend to develop
in line with the actually observed prices. The forecasted
product prices correctly indicate the stabilizing price trend
for the first five days (days 21-25 of the game), but then
rapidly diverge. After ten days (game day 30) the forecasts
rapidly deteriorate, possibly caused by an unexpected shift
of the market toward an excess demand regime (with high
product prices). If the estimation period is extended to 60
days, this diverging effect seems to be less prominent. In
this case, figure 7 shows that the predicted product prices
correctly follow the observed market prices within the esti-
mation period, even in the presence alleged regime shifts,
and are relatively consistent with the observed price behav-
ior in the 20-day forecast period.

6. CONCLUSIONS AND FUTURE WORK
We presented a dynamic multivariate hedonic model to

explain and forecast prices of heterogenous products shar-
ing common components. Based on the results, the model
may be extended in several way to explore other relevant
hypotheses. First, the estimated implicit component prices
may be related with the actually observed procurement prices
to gain further understanding of the conceptual relation be-
tween these prices, and to explore if any discrepancies point
at upcoming changes in market conditions, either at the pro-
curement or the sales side. Secondly, it is worthwhile to inte-
grate our model with the Markov regime-switching approach
to cope with structural changes in the model parameters
and to improve the forecasting performance in markets with
changing regimes. In [23] we showed that market conditions,
such as over-supply, balance or scarcity, alternate during the
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Figure 7: 20-day ahead product price forecasts (PC1
and PC8) based on the first 60 days of the game
(Game 7306)

history of the market for each product. These varying mar-
ket conditions are inconsistent with the constant parameters
of our model, and warrant attention in future extensions.
Thirdly, our algorithm could be modified and implemented
in several ways. For instance, considering that our model
should ultimately be useful for real-time forecasting, the al-
gorithm might be suppleted with (exogenous) regime infor-
mation or restrictions might be imposed on the transition
matrix Φ to speed up performance.
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